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Heavy quarkonium production is a powerful implement to study the strong interaction dynamics
and QCD theory. Fragmentation is the dominant production mechanism for heavy quarkonia with
large transverse momentum. With the large heavy quark mass, the relative motion of the heavy
quark pair inside a heavy quarkonium is effectively nonrelativistic and it is also well-known that
their fragmentation functions can be calculated in the perturbative QCD framework. Here, we
analytically calculate the process-independent fragmentation functions for a gluon to split into the
spin-singlet and -triplet S-wave heavy quarkonia using three different scenarios. We will show that
the fragmentation probability of the gluon into the spin-triplet bound-state is the biggest one.
PACS numbers: 13.87.Fh; 14.70.Dj; 12.39.Jh; 13.90.+i; 13.60.Le; 12.38.Bx
I. INTRODUCTION
Heavy quarkonia are the simplest particles when the
strong interactions are concerned. Studying their pro-
duction mechanism is important for understanding QCD
and the strong interaction dynamics. In theory, it is well-
known that the dominant mechanism to produce a heavy
quarkonium at large transverse momentum is fragmenta-
tion [1] so this mechanism is described by the fragmenta-
tion functions (FFs). In fact, the FF shows hadron pro-
duction probability from the initial high-energy parton.
The FFs are universal quantities so that are independent
of the initial parton production processes. The particular
importance of FFs is for model-independent predictions
of the cross sections at the Large Hadron Collider (LHC).
Basically, the fragmentation is related to the low-energy
part of the hadron production process and forms the non-
perturbative aspect of QCD so, in principle, should be
extracted from experimental data. In practice, it is hard
to extract so many initial FFs from data directly.
In Ref. [2], using the phenomenological approach which
is based on the data analysis we propounded a new func-
tional form of pion and kaon FFs up to NLO, obtained
through a global fit to the data from the single-inclusive
annihilation e−e+ → hX and also from the semi-inclusive
DIS asymmetry data from HERMES and COMPASS.
Since heavy quarkonia have simple internal structures it
is well-known that the perturbative QCD approximations
to their FFs are well-defined in the nonrelativistic QCD
factorization framework [3–5]. The perturbative QCD
scheme was first applied by Bjorken [6], Suzuki [7], Amiri
and Ji [8], where the best elaborate model is proposed
by Suzuki [9] which is based on the convenient Feyn-
man diagrams and the wave function of the respective
heavy meson. In this model, the heavy FFs are calcu-
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lated using a diagram similar to that in Fig. 2, so the
analytical expression of FFs depends on the transverse
momentum kT of the initial parton which appears as
a phenomenological parameter (e.g. see Eq. (30)). In
Ref. [10], using this model we presented an exact ana-
lytical expression of the initial scale FF for c-quark to
split into S-wave D+/D0 mesons to LO. To check our
results, we showed that there is a good consistency be-
tween our result and the current well-known phenomeno-
logical models and also with the experimental data form
BELLE and CLEO. In Ref. [11], using this model authors
have calculated the FFs for a heavy quark Q to frag-
ment into the vectorQQ¯(3S1) and pseudoscalar QQ¯(
1S0)
heavy quarkonia to LO. Using the same model, authors
in Ref. [12] have computed the fragmentation of a heavy
quark Q into a QQQ-system with three identical flavor,
i.e. Db→Ωbbb (z, µ0) and Dc→Ωccc(z, µ0). Here, D stands
for the fragmentation function and z is the fragmentation
parameter which refers to the energy fraction of the ini-
tial parton which is taken away by the detected hadron
and µ0 is the initial factorization scale.
In high energy processes, the large contribution of
quarkonium production results from gluon fragmenta-
tion [13, 14]. This is confirmed by the comparison be-
tween the theoretical predictions and the experimental
measurements of the heavy quarkonium cross sections.
For this reason, using the Suzuki’s model we focus on
the gluon fragmentation and drive an analytical form of
the FFs for a gluon to fragment into the vector QQ¯(3S1)
and pseudoscalar QQ¯(1S0) heavy quarkonia. To impose
the spin effects of the heavy quarkonia into the FFs we
apply three different scenarios. Comparison of all scenar-
ios shows that the fragmentation probability of the gluon
into the spin-triplet quarkonium is the biggest one.
This paper is organized as follows. In Sec. II, we ex-
plain our theoretical model to calculate the FFs in detail.
We discuss the use of pQCD in calculating the fragmen-
tation of a charm quark into the heavy charmonium Hc.
In Sec. III the analytical expressions for the polarized
2and unpolarized FFs in three different scenarios are pre-
sented. Next we shall present our numerical results for
the gluon FFs. Our conclusion is summarized in Sec. IV.
II. THEORETICAL DETERMINATION OF FFS:
PERTURBATIVE QCD MODEL
As is pointed out in Refs. [1, 3] the fragmentation func-
tion for hadrons containing a heavy quark Q or a heavy
antiquark Q¯ can be computed theoretically using pertur-
bative QCD (pQCD). The first theoretical effort to illus-
trate the hadroproduction procedure by a heavy quark
was made by Bjorken [6] by using a naive quark-parton
model. He found out that the inclusive distribution of
heavy hadron should peak nearly at z = 1, where z refers
to the scaled energy variable. This property is important
for heavy quarks for which the peak of heavy quark FF
happens closer to z = 1. The pQCD model was followed
by Suzuki [7], Amiri and Ji [8].
Here, using the Suzuki’s model we focus on the gluon
fragmentation function and obtain an analytical form of
the gluon fragmentation into a spin-singlet and -triplet
S-wave heavy quarkonium by employing three different
scenarios. Our results shall be compared with the un-
polarized one. To this end, we consider a special ex-
ample: g → Hc(= cc¯) for which the respective Feyn-
man diagrams shown in Fig. 1. First, we consider Fig. 2
where the basic process of gluon fragmentation into the
charmonium bound state along with the spins and the
four-momenta of meson and partons are shown. Fol-
lowing Ref. [9], we adopt the infinite momentum frame
where the fragmentation parameter in the usual form
z = (EH+pH|| )/(E
g+pg||) is reduced to the more popular
one as
z =
EH
Eg
· (1)
With the large heavy quark mass, the relative motion
of the heavy quark pair inside the quarkonium is effec-
tively nonrelativistic [15], so the squared relative velocity
of the heavy quark pair in the quarkonium rest frame is
v2 ≈ 0.22 for the J/ψ and v2 ≈ 0.1 for the Υ [16]. Here,
according to the Lepage-Brodsky’s approach [17], by ne-
glecting the relative motion of the heavy quark pair inside
the quarkonium we assume, for simplicity, that Q and Q¯
are emitted collinearly with each other and move along
the Z-axes. Indeed, the Fermi motion of the constituent
quarks in the bound state is neglected.
In the Suzuki’s model, the FF for the production of
S-wave bound state is defined as [9, 18]
DHcg (z, µ) =
ˆ
d3P¯d3k′|TM |2δ3(k′ + P¯− p′), (2)
where TM is the probability amplitude of the meson pro-
duction which is expressed as the convolution of the hard
scattering amplitude TH and the process-independent
distribution amplitude ΦM . The hard amplitude TH can
Figure 1: Feynman diagrams for the process g → Hc(cc¯) at
LO.
Figure 2: Formation of a heavy charmonium. A gluon forms
a bound state cc¯ with a gluon produced through a single c-
quark.
be computed perturbatively from partonic subprocesses,
and the distribution amplitude ΦM contains the bound
state nonperturbative dynamic of outgoing meson. This
convolution is expressed as
TM =
ˆ
[dxi]TH(xi, Q
2)ΦM (xi, Q
2), (3)
where, [dxi] = dx1dx2δ(1−x1−x2) and xi’s are the mo-
mentum fractions carried by the constituent quarks. This
scheme, introduced in [19, 20], is applied to absorb the
soft behavior of the bound state into the hard scattering
amplitude TH . The amplitude TH is, in essence, the par-
tonic cross section to produce a heavy quark-antiquark
(QQ¯) pair with certain quantum numbers that, in the old
fashioned perturbation theory, is written as
TH =
4παsm
2
cCF
2
√
2P¯0k′0p
′
0
Γ
(P¯0 + k′0 − p′0)
, (4)
where CF is the color factor, αs is the strong coupling
constant and Γ represents an appropriate combination of
the quark propagator and spinorial parts of the ampli-
tude as
Γ = G
{
u¯(k, s3)6ǫ⋆4(6q +mc)6ǫ1v(p, s2)
}
. (5)
3Here, ǫ is the polarization vector of gluon and G =
1/(q2 − m2c) = 1/(2k.k′) is proportional to the quark
propagator. In (3), ΦM is the process-independent prob-
ability amplitude to find the quarks which are collinear
in the mesonic bound state and contains the nonpertur-
bative dynamic of the mesonic bound state. In general,
the distribution amplitude is related to the mesonic wave
function ΨM by
ΦM (xi, Q
2) =
ˆ
[d2q⊥i]ΨM (xi,q⊥i)Θ(q⊥i
2 < Q2), (6)
where
[d2q⊥i] = 2(2π)
3δ
[ 2∑
j=1
q⊥j
] 2∏
i=1
d2q⊥i
2(2π)3
. (7)
In the equation above, q⊥i refers to the transverse mo-
mentum of constituent quarks. A hadronic wave func-
tion ΨM which is the nonrelativistic limit of the Bethe-
Salpeter equation with the QCD kernel is given in [20],
so that by working in the infinite-momentum frame it
can be estimated as a delta function [10]. Therefore, the
distribution amplitude for a S-wave heavy meson at large
Q2, reads [21]
ΦM ≈ fM
2
√
3
δ(x1 − mc
M
), (8)
where M is the heavy meson mass and fM =√
12/M |Ψ(0)| is the meson decay constant which is re-
lated to the the nonrelativistic S-wave function Ψ(0) at
the origin. The delta-function form is convenient for
our assumption where the constituent quarks are emitted
collinearly, without any transverse momentum. Substi-
tuting Eqs. (4) and (8) in (3) and carrying out the neces-
sary integrations, the probability amplitude (3) is found
as
TM =
παsm
2
cfMCF√
6P¯0k′0p
′
0
Γ
(P¯0 + k′0 − p′0)
. (9)
Now the fragmentation function (2) reads
DHcg (z, µ0) =
1
6
[παsfMCFm
2
c ]
2
×
ˆ
Γ¯Γδ3(k′ + P¯− p′)
(P¯0p′0k
′
0)(P¯0 + k
′
0 − p′0)2
d3P¯d3k′.
(10)
A. kinematics
To proceed our discussion, considering Fig. 2 we
need to specify our kinematics. We choose an infinite
momentum frame in which the relevant four-momentum
of the initial gluon is set as p′µ = [p
′
0;kT, p
′
L]. The
transverse momentum of the initial gluon is only carried
by the final state gluon which produces a jet and its
four-momentum is written as k′µ = [k
′
0;kT, k
′
L]. We let
the produced heavy quarkonium moves in the fragmen-
tation axis (Z-axis), which is defined as the direction
of the three-momentum of the heavy quark Q in the
laboratory frame after production. The four-momentum
of quarkonium is set as P¯µ = [P¯0;0, P¯L]. The con-
stituents of the quarkonium after creation move along
the fragmentation axis and their momenta are defined
as pµ = [p0;0, pL] and kµ = [k0;0, kL]. We also assume
that there is only one jet in the final state, since the very
high momentum of the initial parton will predominantly
be carried in the forward direction.
According to the definition of the fragmentation parame-
ter z = EH/Eg = P¯0/p
′
0 (1), the heavy quarkonium takes
a fraction z of the initial gluon energy p′0 and the out-
going gluon takes the remaining (1 − z). Therefore, the
parton energies can be parametrized in terms of the ini-
tial gluon energy; p0 = x1zp
′
0, k0 = x2zp
′
0, k
′
0 = (1−z)p′0,
where x1 = p0/P¯0 and x2 = k0/P¯0 are the quarkonium
energy fractions carried by the constituent quarks.
Following Ref. [18, 22], we also assume that the con-
tribution of each constituent quark from the meson
energy is proportional to its mass, i.e. x1 = mc/M and
x2 = mc¯/M , where M is the heavy quarkonium mass.
Note that for charmonium and bottomonium states we
have m1 = m2 = mQ and M ∼= 2mQ, then one has
x1 = x2 ∼= 1/2.
B. Unpolarized fragmentation functions
To obtain an analytical form of FF for gluon to split
into the unpolarized charmonium state, in Eq. (10) one
has to perform an average over the spin of the initial
gluon and a sum over the colors and spins. Thus the
mean amplitude squared reads
Γ2 = |ΓΓ¯| = 1
1 + 2sg
∑
s,c
ΓΓ¯, (11)
where sg is the spin of the initial gluon. Then we obtain
∑
s,c
ΓΓ¯ = G2Tr[(6k +mc)γµ(6k + 6k′ +mc)γν(6p−mc)
×γν(6k + 6k′ +mc)γµ] = −32G2
{
2m4c +
m2c [2k.k
′ + k.p+ p.k′]− (p.k′)(k.k′)
}
, (12)
where, we applied the energy projection operators
Λ+(k) =
∑
S3
u(k, s3)u¯(k, s3) = (6k +mc),
Λ−(p) =
∑
S2
v(p, s2)v¯(p, s2) = (6p−mc). (13)
4C. Polarized fragmentation functions: First
scenario
Considering v(p) and u¯(k) as the Dirac spinors of the
quarks forming the charmonium bound states, in the non-
relativistic approximation the projection operator can be
defined as [22, 23]
ΛS,Sz(P¯ ) = v(p)u¯(k) =
fM√
48
(6P¯ −M)ΠSSz , (14)
where M and P¯ are the mass and the four-momentum of
meson bound state, fM is the meson decay constant and
ΠSSz is the appropriate spin projection operator; Π00 =
γ5 for pseudoscalar and Π1Sz = 6ǫ for vector states. The
spin content of meson is then given by either γ5 or 6ǫ(Sz),
as could well be expected. Therefore, the spinorial part
of the amplitude (5) for formation of the pseudoscalar
(S = 0) and the vector (S = 1) charmonium states may
be presented in the following forms
ΓP ∝ G
{
(6P¯ −M)γ5 6ǫ⋆4(6q +mc)6ǫ1
}
,
ΓV ∝ G
{
(6P¯ −M)6ǫ 6ǫ⋆4(6q +mc)6ǫ1
}
, (15)
where q = k + k′ is the energy-momentum of the vir-
tual intermediate quark, ǫ is the polarization four-vector
of meson which may be in a longitudinal state ǫ(L)µ =
ǫµ(P¯ , λ = 0) or a transverse state ǫ(T )µ = ǫµ(P¯ , λ = ±1).
These components satisfy the following relations
ǫ(P¯ , λ).P¯ = 0 , ǫ(P¯ , λ).ǫ⋆(P¯ , λ′) = −δλ,λ′
ǫ(T ).P¯ = 0 = ǫ(L) × P¯. (16)
Therefore, for a quarkonium for which P¯µ = [P¯0;0, P¯L],
the polarization four-vector (or the spin wave function)
is expressed as
ǫ(L)µ =
1
M
(P¯L; 0, 0, P¯0) =
1
M
(kL + pL; 0, 0, p0 + k0),
ǫ(T )µ =
1√
2
(0;∓1,−i, 0). (17)
Now to obtain an analytical form of FF for the polarized
charmonium, in (10) we perform an average over the spin
of the initial gluon and a sum over the colors and the spins
of gluons. The result reads
|ΓV,P |2 = 1
1 + 2sg
∑
sg ,cg
ΓV,P Γ¯V,P , (18)
then we find∑
sg
ΓP Γ¯P = 128G2
{
2m4c −Mm3c + 2(k.p)(k.k′)
+M2(k.k′) +m2c
[
M2 + 2k.k′ + 2k.p
]
−Mmc
[
k.k′ + k.p+ p.k′
]}
,
∑
sg
ΓV Γ¯V = 128G2
{
−m2cM2 + 2m2c(p′.k′)−M2(k.k′)
+2(k.k′)(k′.p′)−Mmc
[
k.k′ − k.p′ − p′.k′
+2(ǫ.k′)2 + 2(ǫ.k)(ǫ.k′)− 2(ǫ.k)(ǫ.p′)−
2(ǫ.p′)(ǫ.k′)
]}
. (19)
D. Polarized fragmentation functions: Second
scenario
Following Ref. [24], in the nonrelativistic approxima-
tion the spin projection operator can be also defined as
ΛS,Sz(p, k) =√
3
m
∑
S2,S3
〈
1
2
S2;
1
2
S3|S, Sz
〉
v(p+ q)u¯(k − q),
(20)
where 〈S2/2;S3/2|S, Sz〉 are the Clebsch-Gordan coeffi-
cients and S2, S3 and q are the spins and the relative
four-momentum of the constituent quarks, respectively.
These matrices can be written in a simple covariant form
up to terms which are of q2-order in the quarkonium rest
frame. Such terms are irrelevant in the nonrelativistic ap-
proximation which we are adopting. Therefore one finds
[24],
ΛS,Sz(p, k) =
√
3
8m2
[(6k − 6q +m2)ΠS,Sz(−6p− 6q +m1)],
(21)
where ΠS,Sz is as before. Ignoring the Fermi motion, so
that the constituent quarks will fly together in parallel,
Eq. (21) can be simplified as
ΛS,Sz(p, k) ∝ (6k +m2)ΠS,Sz(6p−m1). (22)
In our calculation m1 = m2 = mc. Thus, the amplitude
squared ΓΓ¯ (18) in the second scenario is given by
∑
sg
ΓV,P Γ¯V,P = G2Tr
[
(6k +mc)ΠS,Sz(6p−mc)γµ(6q +mc)
×γνγν(6q +mc)γµ(6p−mc)ΠS,Sz(6k +mc)
]
, (23)
where ΠS,Sz = γ5 for cc¯(
1S0) and ΠS,Sz = 6ǫ for
cc¯(3S1). Using the traditional trace technique, the nec-
essary traces are evaluated and the results are expressed
as the dot products of four-vectors.
5E. Polarized fragmentation functions: Third
scenario
In the third scenario the spin projection operator is
defined as
ΛS,Sz(p, k) ∝ (6p+mc)ΠS,Sz . (24)
This scenario is defined in [24] and applied in [11] to
obtain the spin dependent fragmentation functions for
a heavy quark Q to fragment into vector QQ¯(3S1) and
pseudoscalar QQ¯(1S0) heavy quarkonium to leading or-
der perturbative QCD. Therefore,
∑
sg
ΓV,P Γ¯V,P = G2Tr
[
(6p+mc)ΠS,Szγµ(6q +mc)γνγν
×(6q +mc)γµΠS,Sz(6p+mc)
]
. (25)
Now, the spinorial part of the amplitude to produce the
pseudoscalar and vector charmonium states read as
∑
sg
ΓP Γ¯P = 128G2m2c
{
2m2c + 2(k.k
′) + k.p+ p.k′
}
,
∑
sg
ΓV Γ¯V = −128G2
{
2(k.k′)
[
m2c − p′.k′ − k.p′ + k.k′
]
+m2c
[
m2c − 2(k.ǫ)2 − 2(k′.ǫ)2 − k.p′ − k′.p′
+2(k′.ǫ)(p′.ǫ) + (k.ǫ)
(
2p′.ǫ− 4k′.ǫ
)]}
.
(26)
III. ANALYTICAL RESULTS
To obtain the FFs for unpolarized and polarized
quarkonia, using the kinematics, first we put the dot
products of the relevant four-vectors in the following
forms:
2k.p =
M2
8
,
2p′.k′ =
z2
1− z k
2
T ,
2ǫL.k = 2ǫL.p = 0,
2ǫL.p
′ = −M
z
+
zk2T
M
,
2ǫT .p
′ = −
√
2kT (−1 + i),
2ǫT .k
′ = −
√
2kT (−1− i),
2k.p′ = 2p.p′ =
zm
M
k2T +
mM
z
,
2ǫL.k
′ = −M(1− z)
z
+
zk2T
M(1− z) ,
2p.k′ = 2k.k′ =
zm
(1 − z)Mk
2
T +
mM(1− z)
z
. (27)
To perform the phase space integrations (10), first we
consider the following integral
ˆ
d3P¯δ3(P¯+ k′ − p′)
P¯0(P¯0 + k′0 − p′0)2
=
P¯0
(M2 + 2p′.k′)2
, (28)
and instead of performing the transverse momentum inte-
gration we replace the integration variable by its average
value
〈
k2T
〉
, which is a free parameter and can be specified
experimentally. Therefore we can write
ˆ
F (z, k2T )d
3k′ =
ˆ
F (z, k2T )dk
′
Ld
2k′T
≈ m2ck′0F (z,
〈
k2T
〉
). (29)
In conclusion, considering the contributions of both Feyn-
man diagrams in Fig. 1, we obtain the unpolarized FF for
g → Hc(cc¯) at the initial scale µ0 = 2mc as
Dg→Hc(z, µ0) =
Nz
g(z, 〈k2T 〉)
×
{[
z2k2T +M
2(1− z)2
Mz(1− z) − 3mc
]2
− 21m2c
}
, (30)
where,
g(z,
〈
k2T
〉
) =
[
M2 +
z2k2T
1− z
]2[
z2k2T +M
2(1− z)2
Mz(1− z)
]2
,
(31)
andN is proportional to (πCFm
3
cαsfM )
2 but it is related
to the normalization condition [8, 9].
The polarized FFs, using the first scenario are written
as
DPg (z, µ0) =
Nz
g(z, 〈k2T 〉)
(64mc)
[
3m2c + (M −mc)2
]
×
[
2mc +
zk2T
M(1− z) +
M(1− z)
z
]
,
DTg (z, µ0) =
Nz
g(z, 〈k2T 〉)
(64mc)
[
z3k4T
M(1− z)2 −mcM
2
−M3 1− z
z
+ k2T (4M +
mc
1− z z
2)
]
,
DLg (z, µ0) =
Nz
g(z, 〈k2L〉)
64mc
z
[
z2k2T
(1− z) (mc −M)−mcM
2
]
.
(32)
Note that, the fragmentation function for a vector char-
monium Hc(
3S1) is the sum of the longitudinal and twice
the transverse components, i.e.,
DVg (z, µ0) = 2D
T
g +D
L
g , (33)
where T and L refer to the longitudinal and the trans-
verse polarization of vector charmonium.
6The polarized FFs, using the second scenario may be
written as
DPg (z, µ0) =
Nz
g(z, 〈k2T 〉)
(768m5c)
×
[
zk2T
M(1− z) + 2mc −
M(z − 1)
z
]
,
DTg (z, µ0) =
Nz
g(z, 〈k2T 〉)
64mc
z
[
z6k6T (mc −M)2
M3(z − 1)3
+
z2k4T
M2(1− z)2
{
− 6z2m3c +Mm2c(z3 + 11z2 − 12z
+8)− 2mcM2z(z2 + 2z − 2) + z2M3(z − 1)
}
+
mck
2
T
M(z − 1)
{
− 2M3z2(z − 1) + 4z2m3c(1 + 2z)−
2Mm2cz(7z
2 − 8z + 8) +mcM2(8z3 − 11z2
+12z − 8)
}
−m2c
{
8zm3c + 4Mm
2
c(1− 3z) +
6mcM
2(z − 1)−M3(z − 1)
}]
,
DLg (z, µ0) =
Nz
g(z, 〈k2L〉)
64mc
z
[
z6k6T
M3(z − 1)3
{
M2 +
(z − 3)mc(M −mc)
}
− z
4k4T
M2(1− z)2
{
2m3c(z + 3)
−Mm2c(2z + 5) + 3zmcM2 +M3(1− z)
}
+
mcz
2k2T
M(z − 1)
{
(8z + 4)m3c − 10Mm2cz +
M2mc(7z − 5) +M3(3− 2z)
}
−m2c
{
8zm3c +
4Mm2c(1− 3z) + 2M2mc(4z − 3) +M3(3− 2z)
}]
.
(34)
And the polarized FFs in the third scenario are ex-
pressed as
DPg (z, µ0) =
Nz
g(z, 〈k2T 〉)
(192m3c)
×
[
zk2T
M(1− z) + 2mc −
M(z − 1)
z
]
,
DTg (z, µ0) =
Nz
g(z, 〈k2T 〉)
64mc
z
[
z4k4T (M −mc)
M2(z − 1)2
+
zk2T
M(z − 1)
{
− 2Mmc((1 + z)2 − 3)
+M2z(z − 1) +m2cz(1 + z)
}
−mc
{
2zm2c +M
2(z − 1) +Mmc(1− 2z)
}]
,
(35)
and
DLg (z, µ0) =
Nz
g(z, 〈k2L〉)
64mc
z
[
z4k4T
M(z − 1)2 +
z2k2T
M(z − 1)
{
m2c(1 + z)− 3mcMz +
M2(z − 1)
}
−m2c
(
M + 2z(mc −M)
)]
.
(36)
We are now in a position to present our phenomenologi-
cal predictions for the gluon fragmentation into the spin-
singlet and -triplet S-wave charmoniums, by performing
a numerical analysis. In general, fragmentation function
Dg→Hc(z, µ
2) depends on both the fragmentation param-
eter z and factorization scale µ. The scale µ is generally
arbitrary, but in a high energy process where a jet is pro-
duced with transverse momentum kT , large logarithms
of kT /µ in the partonic cross section (perturbative part
of the hadroproduction) can be avoided by choosing µ on
the order of kT . The functions (30, 32, 34-36) should be
regarded as models for the gluon fragmentation into the
polarized and unpolarized charmoniums at a scale µ of
order mQ. For values of µ much larger than µ0, the ini-
tial FFs should be evolved from the scale µ0 to the scale
µ using the Altarelli-Parisi equations [25–27].
For numerical results, we take mc = 1.5 GeV, αs(2mc) =
0.26 and fM (cc¯) = 0.48 GeV [28]. The initial scale of
fragmentation is set to µ0 = 2mc and the transverse mo-
mentum of the initial gluon is selected as 〈kT 〉 = 10 GeV.
In Fig. 3, using the first scenario our predictions for the
polarized charmonium FFs, i.e. g → Hc(1S0,3 S1), and
the unpolarized one are shown. Here, DV is the conve-
nient summation of the longitudinal and transverse frag-
mentation functions, see Eq. (33). In Fig. 4, using the
second scenario the behavior of the fragmentation func-
tions for the longitudinally and transversely components
of vector meson are shown. Those are also compared with
the pseudoscalar and the unpolarized ones, while for the
unpolarized case a summation is going over the spin of
the constituent heavy quarks in which case we apply the
energy projection operators defined in (13). The frag-
mentation functions shown in Fig. 4 are also compared
in Fig. 5 by taking DV = 2DT + DL. In Fig. 6, the
same comparison is done but using the third scenario.
As is seen, in all scenarios the fragmentation probabil-
ity of the gluon into the spin-triplet charmonium is the
biggest one. The position of the fragmentation peak is
almost the same in all scenarios but the third scenario
shows a bigger peak.
Our result shown in Fig. 6, is in reasonable agreement
with the result presented in Fig. 3 of Ref. [29], when the
non-covariant definition of fragmentation parameter (1)
is applied. In both results, the peak position of the frag-
mentation function occurs at z ≈ 0.22 when pT = 10
GeV is considered, and the maximum value of the vec-
tor charmonium FF is DVg ≈ 0.8 × 10−5. Note that in
[29], authors have applied the Braaten’s approach which
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Figure 3: The fragmentation functions for the vector (solid
line) and the pseudoscalar (dot-dashed line) charmoniums
in the first scenario. For comparison the unpolarized one
(dashed line) is also shown. The initial scale is µ0 = 2mc
is completely different with the scheme used in our work.
Besides the g → Hc FF itself, also its first moment is of
phenomenological interest. It corresponds to the g → Hc
branching fraction
B(µ) =
ˆ 1
0
dzDHcg (z, µ). (37)
Using the third scenario, our result for the g → Hc(3S1)
branching fraction is B(2mc) = 3.01 × 10−6 which can
be compared with the result presented in [1] where
B(2mc) = 3.2× 10−6.
By these comparisons, it seems that the third scenario
is more suitable than the other ones. However, the ad-
vantage of the projection operator in the first scenario is
that it defines the bound state mass of heavy meson in
our calculations.
Our results can be directly applied to the S-wave bot-
tomonium sates Υ(3S1) and ηb(
1S0), except that mc
is replaced by mb = 4.5 GeV and the decay constant
fM (bb¯) = 0.33 GeV [28] is the appropriate constant for
the bottomonium mesons. Since the b-quark is heavier
than the c-quark, the peaks of the fragmentation func-
tions shift significantly toward higher values of z.
As we explained, the fragmentation is related to the
low-energy part of the hadron production so, in princi-
ple, should be extracted from experimental data. How-
ever, in practice, it is hard to extract FFs phenomeno-
logically, especially for the heavy quarkonia that, at the
present, there are no experimental data for them. A com-
prehensive review on the behavior of the gluon FFs ob-
tained phenomenologically, shows that for the heavy-light
mesons (e.g. B,D) the peaks of the gluon FFs occur at
low values of the fragmentation parameter z and the FFs
approach to zero when either z → 0 or z → 1. For ex-
ample, the behavior of the g → B FF is shown in [30]
and the g → D+ one is shown in [31]. These behaviors
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Figure 4: The longitudinal (dot-dashed line) and transverse
(solid line) components of the vector charmonium fragmenta-
tion function in the second scenario. The pseudoscalar (dots)
and the unpolarized (dashed line) FFs are also shown.
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Figure 5: As in Fig. 3 but in the second scenario.
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Figure 6: As in Fig. 3 but in the third scenario.
8may be expected for the heavy quarkonia, as shown in
Figs. 3-6.
In Ref. [32], we pointed out that in top-quark decays
t→ b+W+(+g), since the observed mesons can be also
produced through a fragmenting gluon, therefore, to ob-
tain the most accurate result for the energy spectrum
of the meson, one has to add the contribution of gluon
fragmentation to the b-quark to produce the outgoing
meson. We showed that the g → B/D contribution is
appreciable only at a low energy of the observed meson
so the contribution of the gluon leads to an apprecia-
ble reduction in decay rate at low values of the meson
energy, which is in consistency with the peak position
of the gluon FF. However, the contribution of the gluon
cannot be discriminated so, this part of calculation is of
more theoretical relevance and there will be no experi-
mental data for the g → B/D. But the g → B/D/Hc
FFs are confirmed by the comparison between the the-
oretical predictions and the experimental measurements
of the heavy meson cross sections at the LHC.
IV. CONCLUSION
The dominant mechanism to produce the heavy
quarkonia at high transverse momentum is fragmenta-
tion; the production of a high energy parton followed by
its fragmenting into the heavy quark-antiquark bound
states. Beside the phenomenological approaches, there
are some theoretical models to calculate the fragmenta-
tion functions analytically. In the present work, using
the Suzuki’s model we gave out an analytical expression
for the initial scale fragmentation functions of gluon to
split into the spin-singlet and -triplet S-wave charmonium
states. Our results depend on the transverse momentum
of the initial gluon whereas in other models the integra-
tions over all freedom degrees are performed. Since the
transverse momentum dependent FFs show up explicitly
in several semi-inclusive cross sections, therefore in the
QCD corrections the inclusion of these dependent FFs
will be necessary.
We discussed that there are three different scenarios to
impose the spin effects of heavy quarkonia into the gluon
FFs and we presented the fragmentation functions in each
three scenarios. The results show that the fragmentation
probability of the gluon into the spin-triplet bound-state
is the biggest one. However, at present there are no ex-
perimental data for the heavy quarkonium fragmentation
but a comparison between the treatment of the gluon FFs
in Figs. 3, 5 and 6 with the g → B [30] and g → D [31]
FFs can confirm the correctness of our derived results.
Our results can be directly used for the S-wave bottomo-
nium sates (bb¯-system), with some simple replacements.
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